In principle, the strong-interaction sector of the Standard Model is characterised by a unique renormalisation-group-invariant (RGI) running interaction and a unique form for the dressed-gluon-quark vertex, Γ µ ; but, whilst much has been learnt about the former, the latter is still obscure. In order to improve this situation, we use a RGI running-interaction that reconciles both top-down and bottom-up analyses of the gauge sector in quantum chromodynamics (QCD) to compute dressed-quark gap equation solutions with 1,660,000 distinct Ansätze for Γ µ . Each one of the solutions is then tested for compatibility with three physical criteria and, remarkably, we find that merely 0.55% of the solutions survive the test. Plainly, therefore, even a small selection of observables places extremely tight bounds on the domain of realistic vertex Ansätze. This analysis and its results should prove useful in constraining insightful contemporary studies of QCD and hadronic phenomena.
1. Introduction. The vast bulk of observable mass is generated by quantum chromodynamics (QCD), the strong-interaction sector of the Standard Model of Particle Physics (SM); and it has been known for more than fifty years that stronglyinteracting theories can generate such mass dynamically [1] . Discussions of this phenomenon of dynamical chiral symmetry breaking (DCSB) within the context of gluons dressing the quark propagator, began with Refs. [2, 3] and have since continued vigorously.
A natural tool for analyses of DCSB is the gap equation for the dressed-quark Schwinger function:
where the dressed-gluon propagator may be written
with D 0 µν (p) denoting the free-gauge-boson propagator; Γ a ν = (λ a /2)Γ ν is the quark-gluon vertex;
Λ dq , a symbol representing a Poincaré invariant regularisation of the four-dimensional 1 Landau gauge is typically used because it is, inter alia [4] [5] [6] : a fixed point of the renormalisation group; that gauge for which sensitivity to modeldependent differences between Ansätze for the gluon-quark vertex are least noticeable; and a covariant gauge, which is readily implemented in simulations of lattice-regularised QCD. Importantly, gauge covariance of Schwinger functions obviates any question about the gauge dependence of gauge invariant quantities. integral, with Λ the regularisation mass-scale; m bm (Λ), the current-quark bare mass; and Z 1,2 (ζ 2 , Λ 2 ), respectively, the vertex and quark wave-function renormalisation constants, with ζ the renormalisation point, which is ζ 19 = 19 GeV herein [7] [8] [9] [10] .
Whether or not DCSB emerges in the SM is decided by the structure of the gap equation's kernel. Hence the basic question is: Just what form does that kernel take? Owing to asymptotic freedom, the answer is known on the perturbative domain [8] [9] [10] [11] [12] , viz. on A = {(k, q) | p
where α s (p 2 ) is QCD's running coupling. The question thus actually relates only to the infrared domain.
Much has been learnt about the infrared behaviour of the running coupling and dressed-gluon propagator in the past two decades [13] [14] [15] ; and the current state of understanding is described in Ref. [16] . Namely, one may write:
whered(p 2 ) is a renormalisation-group-invariant (RGI) interaction strength, which is expressed as follows:
where ∆(p 2 ; ζ 2 ) appears in Eq. (2) and G(p 2 ; ζ 2 ) defines the transverse component of the gluon-ghost vacuum polarisation, Λ µν (p) that arises in contemporary applications of the pinchtechnique (PT) [17, 18 ] to QCD's gauge sector [13, 19, 20] . The interaction in Eq. (5) has been computed [21] and the primary conclusion of Ref. [16] is that the following representation may be used with good accuracy:
where γ
t ])}/s, m t = 0.5 GeV; and ς = 0.55 GeV, ω = 0.6 GeV [7] .
The pointwise form of Eq. (6), the values of ς, ω, and the connection withd(s) are not accidental. Eqs. (4)-(6) bridge a gap between thirty years of "top-down" continuum and lattice analyses of QCD's gauge sector and an equal period of "bottom-up" studies of its matter sector. In doing so, they represent a long-sought unification of the top-down and bottom-up approaches to determining QCD's RGI interaction. Critically, this advance was only made possible following an appreciation of just how important the dressed-gauge-boson-quark vertex is to DCSB, and vice versa, which had grown over many years, e.g. Refs. , combined with the ability to quantify its impact on the properties of hadrons [34, 36, [43] [44] [45] . It brings us to a point from which a new branch of enquiries should begin; namely, how sensitive are DCSB and hadron properties to the form of the dressed gluon-quark vertex? 2. Gluon-Quark Vertex. The gluon-quark vertex in the SM Lagrangian is simple, viz. Γ receives momentum-dependent logarithmic corrections, but no new structures become significant. However, the transverse Ward-Green-Takahashi (WGT) identities [38, 39, [46] [47] [48] [49] entail that the simplicity is destroyed at infrared momenta in the presence of DCSB [38, 39] . In this case Γ a µ (q, k), illustrated in Fig. 1 , has up to twelve independent terms, each associated with a different Poincaré-covariant Dirac-matrix structure. Half the terms in Γ a µ (q, k) are only nonzero in the chiral limit owing to DCSB, so one might expect them to act as amplifiers in the gap equation's kernel. In such circumstances, given the role that DCSB plays in forming hadron observables, Nature must place constraints on the strength of these terms.
In order to describe one way of elucidating natural constraints on the vertex, we first decompose it (t = q + k):
where
The first term, Eq. (7b), expresses that part of the vertex which satisfies the Abelian WGT identity, appropriate to the PT RGI interaction and also a fair representation of existing lattice-QCD results [33] .
The second term, Eq. (7c), defined using the basis in Eq. (A1), describes all purely transverse contributions. Its particular form is unknown, despite continuing efforts using continuum and lattice methods [22-39, 41-43, 50-53] ; but, employing a combination of perturbation theory and the transverse WGT identities, one may construct an Ansatz [38, 54] :
the dressed-quark mass-function, is independent of the renormalisation point and {a i , i = 1, . . . , 8} are dimensionless constants, the individual values of which modulate the strength of the associated vertex term. This Ansatz is simple, involving only those functions that appear in the quark propagator, but sufficiently general to allow for a meaningful exploration of the vertex' impact on the gap equation's solution and hence the constraints that observables impose thereupon.
3. Natural Constraints on the Vertex. We are about to undertake a challenging task, so it is sensible to first remark that extant studies of the meson spectrum [43, 45] suggest that the T 2,6,7 ν terms in Γ T ν are of lesser importance. Hence, we neglect them hereafter, setting a 2 = a 6 = a 7 = 0.
2 Additionally, following some straightforward algebra it becomes evident that the gap equation's kernel does not depend separately on a 4 , a 5 , but, instead, only on the combination a4 5 = a 4 − 3a 5 . Allowing for these simplifications, we proceeded to scan the vertex parameter space spanned by the constants a 1,3,45,8 , chosen within
As will subsequently become apparent, it is unnecessary to explore a larger subset of R 4 . The scanning method is simple. Working in the chiral limit, we randomly generated a quadruplet q = (a 1 , a 3 , a4 5 , a 8 ) and therewith formed the gluon-quark vertex, q Γ ν ; solved the gap equation with that vertex and the RGI interaction in Eq. (6); and categorised the solutions as acceptable if: (i) they expressed DCSB of sufficient and reasonable strength, which means M(0) ∈ (0.25, 0.45) GeV, (ii) the associated dressed-quark anomalous chromomagnetic moment (ACM) was negativedefinite, 3 and (iii) the pion's leptonic decay constant was within 5% of its chiral-limit value, f 0 π ≈ 0.088 GeV [55] . The ACM distribution is explained in Refs. [36, 54] and may be estimated using
Concerning f π , absent a solution to the pion's Bethe-Salpeter equation, two approximating formulae exist: f PS π (Eq. (11), Ref. [56] ) and f CR π (Eq. (4.5), Ref. [57] ). We use the latter because it is more accurate [34] , but the source of the differences between them is understood and they are identical in the chiral limit when the necessary corrections to both are included [58] . 3.1 Case A: a 1 = 0 = a 3 . Owing to the known importance of a 5, 8 in determining the dressed-quark ACM [36] , nonzero values for these coefficients are always included in our sample space. Therefore, we first selected 360,000 independent values of q = (0, 0, a4 5 , a 8 ), solved the gap equation in each case, 3 Given a monotonically decreasing dressed-quark mass function, this feature is required in order satisfy constraints of perturbative QCD (pQCD) [36] . and catalogued the solutions as described above. Only 6% of the vertex parameter space survived the first cut, (i). The volume fell to 3% when (i) and (ii) were applied together. Finally, just 0.4% of the 360,000 vertex Ansätze considered could simultaneously satisfy (i)-(iii). The paucity of such Ansätze is highlighted by the upper panel of Fig. 2 : the sample space is actually larger than the planar area drawn. The lower panel of Fig. 2 shows that in this case the three criteria we've applied enforce M(0) ∈ (0.26, 0.31) GeV.
3.2 Case B: a 1 = 0. Here we generated 400,000 vertex Ansätze. Proceeding as above, one obtains the domain of acceptable vertices depicted in the upper panel of Fig. 3 . The mass functions obtained in this instance are similar to those obtained with Case A Ansätze, as illustrated by the lower panel of Fig. 3 : the largest attainable value in solutions consistent with our criteria is M(0) = 0.31 GeV. Notably, including a 3 0, acceptable solutions can be obtained within a larger domain of a 8 values: these two tensor structures mutually compensate. However, comparing the lower panels of Figs. 2 and 3 , one sees that a 3 0 does not much affect the mass-function's k 2 -dependence.
3.3 Case C: a 3 = 0. In this instance we selected 360,000 independent values of q = (a 1 , 0, a4 5 , a 8 ) and proceeded as before, with the result expressed in the upper panel of Fig. 4 . Qualitatively, the outcome is similar to Case A. Successive cuts progressively restrict the space of acceptable vertex Ansätze, so that finally M(0) ∈ (0.25, 0.36) GeV.
A new feature is expressed in the effect of a 1 on M(k 2 ): for a fixed value of M(0), an increase in a 1 produces a steeper decline in M(k 2 ). [We return to this point in connection with Fig. 6 below.] This might have been anticipated because, with a 1 0, the vertex includes a new term that depends linearly on both the magnitude and k 2 -dependence of the dynamically generated mass function. It follows [59] that the associated vertex contribution can influence whether or not the proton's electric form factor possesses a zero and, conversely, can be constrained by the pointwise behaviour of that form factor.
Case D -all four coefficients nonzero.
With all coefficients in Eq. (9) nonzero, we randomly selected 540,000 vertices, solved the gap equation in each case, and filtered the solutions via criteria (i)-(iii). Only 5.6% of the parameter space survived the first cut, (i); the fraction fell to 2.8% when (i) and (ii) were applied together; and just 0.55% of the 540,000 vertex Ansätze considered could simultaneously satisfy (i)-(iii). The All features highlighted already are preserved: changes in a 3 and a 8 compensate each other, but otherwise a 3 is only loosely constrained by the criteria; a 1 , a4 5 , a 8 influence the value of observables and are thereby tightly constrained; and, within the space we have searched, only a 1 has a material impact on the k 2 -dependence of the mass function, which is illustrated in Fig. 6 .
So as to further highlight the connection we drew in Sec. 3.3 between the action of a 1 and a zero in the proton's electric form factor, G E p , Fig. 6 also depicts a comparison between the impact of a 1 on the k 2 -dependence of the mass-function (solid curve) and that assumed for the effect of DCSB and vertex feedback in Ref. [59] (dashed curves). The similarity between the curves indicates that the conclusions drawn in Ref. [59] are sound; namely, that the possible existence and location of a zero in G E p are a fairly direct measure of the structure and momentum-dependence of the quark-quark scattering kernel.
It is also worth remarking that the magnitude of M(0) is largely determined by a4 5 : given a value of this coefficient, the other three can vary within material subdomains of their search space without measurably affecting M(0). 0), a larger value of a 1 yields a mass-function that runs more rapidly with k (M f (k), solid curves) than does a smaller value of a 1 (M s (k), dot-dashed curves). Inset: Comparison of this effect, as exhibited in ratio = M f (k)/M s (k), with that assumed in Ref.
[59] -solid light (grey) curves depict ratio computed from the like curves in the main figure, dashed light curve is ratio as obtained in Ref. [59] using α = 2, the largest suppression of DCSB considered therein. (α = 1 means no suppression.); solid dark (blue) curves, obtained from like curves in the main figure, and dark dashed curve, ratio associated with α = 1.4 in Ref. [59] .
, where the parenthesised percentages indicate the size of the subdomain relative to that specified for the coefficient in Eq. (9). The behaviour of the dressed-quark wave function renormalisation, Z(p 2 ) = 1/A(p 2 ), is often overlooked in studies of DCSB and the gluon-quark vertex, possibly because in many analyses some of its effects are (implicitly) absorbed into the model interaction. This can lead, however, to results for Z(p 2 ) that conflict with known constraints, e.g. pQCD requires that in Landau gauge Z(
. This feature is preserved by all Ansätze that survive the cuts we apply. It is not sufficient, however, to ensure Z(p 2 ) is monotonic on
. That outcome is only guaranteed if one also requires M(0) 0.35 GeV.
In Fig. 7 we depict both the combined results from Cases A-D, with neighbourhoods of similar vertex coefficient values q sampled in all cases indicated by the domains of highest intensity, and highlight the interplay between our filtering criteria and the coefficients a 1,3 . Plainly, the criteria do not place tight dynamical constraints on a 3 , although, as remarked earlier, the presence of a 3 0 does permit a larger domain of a 8 values in acceptable Ansätze. In connection with a 1 , on the other hand, the allowed range of values depends on the magnitude of M (0) 
It is obvious but nevertheless worth highlighting that the bare vertex, Γ a0 µ , is not a member of G 4 . In fact, using the RGI running-interaction explained in the Introduction, which unifies the top-down and bottom-up approaches to charting On the other hand, the value of a 1 has a strong influence on the feedback necessary for DCSB, with larger values of a 1 yielding a mass function that is larger at k 2 = 0, but also falls more quickly towards its ultraviolet limit as k 2 increases ( QCD's gauge sector, the bare vertex is incapable of inducing DCSB. Positive feedback, generated by, e.g. the L 3 ν and T 4,5 terms in Γ a µ , is necessary to achieve DCSB with a realistic interaction. Plainly, therefore, in order to secure a successful description of some subset of hadron observables with the widely-used rainbow-ladder DSE truncation [8, 28, 30, 61] , the gap equation's kernel must include an unrealistic magnification at infrared-momenta. Hence, one should be cautious when developing an interpretation of results obtained in this way, e.g. those related directly to the pointwise behaviour of bound-state Bethe-Salpeter amplitudes will, at most, only be semi-quantitatively reliable [7, [62] [63] [64] [65] , and that will also impact upon level-ordering and -spacing in the hadron spectrum [9, 10, 34, 43, [66] [67] [68] [69] [70] [71] [72] .
4. Epilogue. Using a renormalisation-group-invariant (RGI) running-interaction that reconciles both top-down and bottomup analyses of the gauge sector in quantum chromodynamics (QCD), we computed dressed-quark gap equation solutions with 1.66-million distinct Ansätze for the dressed-gluon-quark vertex, Γ µ . The Ansätze were selected from a class whose members can uniquely be identified by a vector in R 4 , and those we studied were selected at random from a compact subdomain, V 4 , of this space whose limits were chosen deliberately in order to ensure consistency with extant explorations of the gaugeboson-fermion three-point function in quantum field theory.
Each member of the set of gap equation solutions thus obtained was tested for its compatibility with three physical criteria: (i) does it express a sufficient and reasonable amount of dynamical chiral symmetry breaking (DCSB); (ii) is the associated dressed-quark anomalous chromomagnetic moment negative-definite; and (iii) does it produce a value for the pion's leptonic decay constant that lies within 5% of its chiral-limit value? Remarkably, merely 0.55% of the solutions survived the test. One may therefore conclude that even a small selection of observables places very tight constraints on the domain of realistic vertex Ansätze, G 4 , so that µ(G 4 ) ≈ 0 within R 4 , i.e. the hyper-volume occupied by the space of physically acceptable vertices is extremely small.
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where t T µ = T µν t ν , etc., with T µν = δ µν − p µ p ν /p 2 . In order to simplify comparisons with Ref. [36] , we remark that the vectors in Fig. 1 must be mapped as follows: q → p f , p i → k, k → p, and t → 2 . Then, denoting the Dirac-tensor basis used therein for the transverse vertex as {T 
withT 3,6 ν given by linear combinations of T
6,7
ν , which are not needed herein. Consequently, the coefficient functions in Ref. [36] are identified with ours thus:
